STS-UY.2294 Quantum Mechanics and Information

Bell Experiment

Here's a slightly more formal derivation of the literal QM prediction discussed in class.

The initial state is an EPR state |V) that anti-correlates the spin-orientations of the particles along

the same spin axis. There are 3 ways to represent it in terms of axes V, R, L:
VI, = VIRl or VI2|\)1N2 = V2ININ)  or V7| 7)0) — VI[N 7):

Spin states along different axes are related via the technical result (see next page for proof):

[T) = cos(8/2)|1') + sin(6/2)|L")
[4) = sin(8/2)|1") — cos(6/2)|L")

0 = angle between T and 1’

Recall: One of the

Examples: relations for the
eigenvectors of Albert's
[T) = cos(120°/2)|7) + sin(120°/2)|¢) [T) = cos(90°/2)|-) + sin(90°/2)|«<) Color and Hardness
=47+ 210 = VT |5) + V% |)

NOW: Suppose the initial state is |[¥) = V74| 1)1|{), — V7%|1)1|T), and we want to measure particle 1's
spin along V and particle 2's spin along L. To apply the Born Rule, we must first expand |¥) in
eigenvector bases of VV and L. It's already in an eigenvector basis of VV; but we need to expand it's

particle 2-part in terms of L states:

2= 217, 109,

IT)2 :%V‘)z + \/;V)z

9y = 50 {5170, = 3190} = F 1317, - 210,

V3 1 1 V3
= 72 = 55 i) = 575 10117 = o [il):
Now we can apply the Born Rule:

=1/4

2 2
1 1
Pr(spin-orientations of #1 and #2 differ along V, L in state |V')) = |— m| + |— 2_\/5|

By rotational symmetry, this holds for spin measurements along all other pairs of axes as well.
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Now let's derive the technical result from the previous page:

e N
How to relate spin axes (technical result): In general,
spin-up on z ] = [ spin-up on z’] + [spin-down onz'
Prob = cos*(6/2) Prob = sin2(6/2)
6 = angle between axes z and z’
N J/

First recall: We're talking about a particular property: Spin-along-an-axis. For electrons (and other
spin-Y2 particles), this property has only two values: spin-up-along-the-axis, spin-down-along-the-axis.
Since the axis can point in any direction in 3-dim physical space, there can be an infinite number of
such properties, one for each axis/direction in 3-space. Albert calls two of them Hardness and Color. It
turns out that these are spin properties along axes that are at 90° to each other. Here's one way to

represent their relation to each other, and to another spin axis.

3-dim physical space z
(z'-axis is in xz-plane inclined right
at angle 6 from z-axis) angle!
"y
2
7 /,’/ Hardness axis (in z-axis direction):
el ; call the Hardness operator S,

New spin axis (in z'- / /9

axis direction): call the
associated operator Sy

| y
x Color axis (in x-axis direction): call
the Color operator S,
X
What is the relation between S, S,, and S,? We have:
S,=S§,cosf @Y
S,=S,sinf (2)

Now multiply (1) on both sides by cosé, and (2) on both sides by sinf, and then add them together:
S, =S8,sinf 4+ S,cosO
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In terms of matrices, recall:

¢ - (0 1) ¢ - (1 0) Eigenvectors of S, (Hardness):
*“\1 0 27\ -1

_(1 _ (0
Color Hardness |hard) B (O) ISOft) B (1)

operator operator call it "up-along-z-axis™ |T)  callit "down-along-z-axis™: |l)

So:

) cosO sin@ 5 The general. fotr.n ofthe operator for spin
Sz’ = Sx sinf + Sz cosf = ( . ) along an axis z' inclined at 0 from the z-
sinf —cos6 axis, in the S, eigenvector basis. (Note:
when 8 = 90°, we get the Color operator!)

The eigenvectors of S, then turn out to be:

) cos(6/2) , sin(6/2) Explicitly, S,|1") = |1"), and S,|I") = —|L"). To check,
Ty = (sin(@/Z)) V)= (—COS(Q/Z)) recall the trigonometric half-angle formulas:
sin@ = 2sin(8/2)cos(6/2)
cosf = cos2(0/2) — sin2(0/2)
(Note: when 6 =90°, we get the Color eigenvectors!)

S0O: The relations between the eigenvectors of S, (Hardness) and those of S, are:

[Ty = cos(8/2)|1") + sin(6/2)|1') [Ty = cos(8/2)|T) + sin(6/2)|!)
|4y = sin(8/2)|1") — cos(8/2)|1") Iy =sin(6/2)|T) — cos(6/2)|!)

And this produces the result we wanted (in particular, the result we used is given by the first equality).
For instance, if you're a hard electron (an electron with spin-up-along-z-axis) in state |T), then the

probability that a measurement of spin along the z' axis yields the value spin-up is:

Pr(value of Spin-along-z'-axis is up in state |1)) = |cos(8/2)|?* = cos?(0/2)



