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sz:% F:() q:n=|2 N R T e o I
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| 2 3 4 S é e n 12
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RandSelect(3,58)—| 1|2 | 3]|s5]6¢]¢ o |11 |1z |2 |1s

LPM_‘.A.'O“: | 2 3 4 S5 é 7 € q lo

"

12
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12 115
k:r:I]) F:() c'=Vl.=|2 i 2 3 4 S c¢ 3 e 19 e 1 12
RMJSQ\Q&G,',!Z) o (& (1 (932 [6 [ |13]12]15
| 2 3 49 S é 7 e 9 lo " 12

L'Paw-\r'u-lion= 7=k < Ramk()=9
Rand Select (7, 1,9) 1 {2]3]|s g o6 |1 |1z]i2]is
. i 2 3 &4 5 ¢ =2 e 4 1o o 12

L'POL(" I'lloV\ . 4_: Pavdg( ) < k - 7

RandSelect(3,58)—| 1 |2 | 3]|5]¢ ¢ ol {1z |12 |1s
L’qu-"l-lioni | 2 3 49 S é E 9 lo " 12
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12 |15
k=Y‘=7) F,—_() ci:n:.-u_ I 2 3 &4 S5 ¢ ¥ € 49 1o u 12
Rand Select (7,112 g1 {a]|z|2]|6|n]|m]i2]s
I 2 2 4 S5 ¢ 2 e 4 1 u 12

L'Po\\'-"l-lion= 7 = k < Paﬂ\c< ):9
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k=r:7) p=l, q=n=12 ! 2 3 4 5 ¢ 3 & 4 o 0 12
RandSelect(7,1,12)  —» ot |a 3|26 ]13]2]s
i 2 3 49 s (4 =4 e 9 lo i 12
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RANDSELECT  vecap
- \'Q V\QCCSSG.Tj SMU‘Q'QQQ c\a.‘l'a, _\'O W\O\\$€ (oma\ow« OCAQV.



RANDSELECT  vecap
- \'Q V\QCCSSG.Tj S\YU‘e'eQQ o\a.‘l'a, +O W\O\te (‘GﬂJO\M DCAQ‘".
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2 7?2227 27 => <% > X




RANDSELECT  vecap
- \'Q V\QCCSSG.Tj SMU‘Q'QQQ c\a.‘l'a, _\'O W\O\\$€ (oma\ow« OCAQV.

- c\noose a & Fa.fh-,-iov\.

2 7T ?7 12 T 27 => <X > X

- i the woest case, Rand Select +Hhe Qou-ﬂer side,



RANDSELECT  vecap
- \'g V\QCCSSG.Tj SMU‘Q'QQQ o\a.‘l'a, _\'O W\O\\$€ (oma\ow« OCAQV.

- c\noose a & Fa.fh-,-iov\.

2 7T ?7 12 T 27 => <X > X

- i the woest case, Rand Select +Hhe Qou-ﬂer side,

T6)= 7



RANDSELECT
- \'Q V\QCCSSG.Tj SMU‘Q'()QQ o\a‘l'a, +O W\O\\$€ (aﬂAO\M OCAQV.

- c\noose a & Fa.fh-,-iov\.

7?7'2'2'2'37.7.

- i the woest case, Rand Select +Hhe Qou-ﬁer side,
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- c\noose a & Fa.fh-,-iov\.

7"(7'2'2'2'37.7.

- ™ ‘Hr\z uDotS“' case, ROMJSQ\QC{' 4’\'\9, Qav

—
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- O(n)

=
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- \'g V\QCCSSG.Tj 5\10‘@'@“@ o\a.‘l'a, +O W\O\\$€ (oma\ow« OCAQV.

- c‘noose o & Fa.f*l.‘,-:on, —> e(n>
2 7?2227 27 == 4% > X
T—Fosi-l'iow:s
- i the wocst case, Rand Select +Hhe Qou-ﬁer side.
_ -
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Tlo) = B+ wax TT(i) T




Tla) = B+ max TT(i) T



Tla) = Ba) + wax 15 T}

[/\)L\OC{' (K3 ‘\'\'\Q, wors-t—case. '(’.(W\Q Cowxp\Qx;l'\j’ aV\cl ij?



Tla) = Ba) + wax 15 T}

[/\)L\OC{' s ‘\'\'\Q, wors-t—case. '(’.(W\Q Cowxp\Qx;l'\j’ aV\cl ij?
g aJreaJ‘j Sor‘leJ inPU',') fe.\le.\‘se-Sot"l'e.J’ V\ea\’\b sv“'letJ ceo

Tl)= ¢



Tla) = Ba) + wax 15 T}

[/Jl'\a.‘l' s ‘\'\'\Q, wors-t—case. '(’.(W\Q Cowxp\Qx;l'\j’ aml ij?
g aJreaJ«j sor'ie,tj inPU',’) fe.\le\‘se-Sot"l'e.J’ V\ea\’\b SO\"lQ(J ceo

Tl = Tw)+66) = 72



Tla) = Ba) + wax 15 T}

[A)l'\m‘l' s ‘\'\'\Q, L)O('S‘('—CQSQ '(’.(W\Q Cowxp\Qx;l'\j’ a\mi ij?
g aJreaJ‘j Sor‘ieJ inPU',') fe.\le.\‘se-Sot"l'e.J’ V\ea\’\b sv“'letJ ceo

T(\n) = T(h-l) t 9("\) = Q[vxz)



Tla) = Ba) + wax 15 T}

[A”‘\O«.'l' (K ‘\'L\Q, worsi—case '(’.(W\Q COW\P\QXH'S’ a.\mi ij? /. “
g Oeran sor'le,J inPu',') re_\le.\'se-Sof‘l'e_J’ v\earlb sor'leLJ oee /\>':\;\';?-.3

T(V\> = T(h-l) + 9("\) = Q(vxz) .)\.

‘A\Lo\“ wouu Le, ]Jeal ¢ (assww;nﬁ we must ac\'\)a“j ('ecu\‘se,)



Tla) = Ba) + wax 15 T}

[A”‘\O«.'{' (K ‘\'L\Q, worsi—case '(’.(W\Q COW\P\QXH'S’ a.\mi ij? /. “
g Oeran sor'le,J inPu',') revetse-Sof‘leJ’ v\earlb sor'leLJ oee /\>':\;\';?-.3

Tlo)= Ta-) + 66) = B0 A

‘A\Lo\“ wouu Le, ]Jeal ¢ (aSSuvw;vnﬂ we most ac\'\)a“j ('ecu\‘se,)
[% ~ Loja.nceJ Far-‘f-lion

T(V\) = <

, every 4ime



Tla) = Ba) + wax 15 T}

[A”‘\O«.'{' (K ‘\'L\Q, worsi—case '(’.(W\Q COW\P\QXH'S’ a.\mi ij? /. “
g Oero«ch sor'le,J inPu',') revetse-Sof‘leJ’ v\ear\b so“‘letJ oee /\>':\;\';?-.3

Tlo)= Ta-) + 66) = B0 A

‘A\Lo\“ wouu Le, ]Jeal ¢ (aSSuvw;vnﬂ we most ac\'\)a“j ('ecu\‘se,)
[% ~ looJa.nceJ Far-k-lion)

T) = T(S) +6() =7

e.\le.('j "'l we



Tla) = Ba) + wax 15 T}

[A”‘\O«.'{' (K ‘\'L\Q, worsi—case '(’.(W\Q COW\P\QXH'S’ a.\mi ij? /. “
g Oero«ch sor'le,J inPu',') revetse-Sof‘leJ’ v\ear\b so“‘letJ oee /\>':\;\';?-.3

Tlo)= Ta-) + 66) = B0 A

‘A\Lo\“ wouu Le, ]Jeal ¢ (aSSuvw;vnﬂ we most ac\'\)a“j ('ecu\‘se,)
[% ~ looJa.nceJ Far-k-lion)

T) = T(2) +66) = ©w)

e.\le.('j "'l we



(/JL\oC\ '\‘e we a»\wabs kau/ea. “Sov"-o-e-LgJa_nceJn Par-;f-lion?
eq., ‘T(vx)= T(Z'—:-l> ~+ @(\n> = ?



(/J\'\o\.“ '\-2 we o»\uat.)s have a “Sov"-o-e-LoJa.nceJ" Far'k-l-ion?
9., T(V\)= T(Zr?) + 9("‘> = 9(\’\)



ExFec:l'e_cl time


Greg Aloupis



. [ ) fan\ts " [-‘ﬂ- 3n
E e.c:l'e.cl time:  call a sf:'.‘l‘ La.,a\nce.J n'e F,uov‘- y) 7
XF UV\LOJQMCQJ o4Lerwise,



[ ; "' fan\ts " [-!L é_v_)_]
ecte -"ime,t couu o s ,a"‘ La.,amce.cj nQ pivo 4 2
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Worst case ¥ balanced split: T(a) € T(22) +du
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Each split has o 50% chance of being balanced
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Worst case ¥ balanced split: T(a) € T(22) +du
Worst case ¥ vnbalanced split: T(w) € T(ao) +dn <« TC)+dn
Each split has o 50% chance of being balanced
T(n) < 0.5<T(n)+dn) + 0.5- (T )+Jw)

0.5 T(n) < dn + 0.5-T(22)
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Worst case ¥ balanced split: T(a) € T(22) +du
Worst case ¥ vnbalanced split: T(w) € T(ao) +dn <« TC)+dn
Each split has o 50% chance of being balanced
T(n) < 0.5<T(n)+dn) + 0.5- (T )-l—o(w)

0.5 T(n) < dn + 0.5-T(22)

T(w) « T(22) + 2dn = O(n) — .




Expected time complexity of RandSelect

More refined calculation


Greg Aloupis
More refined calculation

Greg Aloupis
Expected time complexity of RandSelect


“(w‘y'\' :‘;’::j:?v - T(?ﬁg{o , v\-\})
h 7 T(max{1,7-23)

}Lle,
POSS
"‘I’()<Q[) + Owne 043 l(\mmx{:z‘n-‘sZ) Vi

NS W .

O U‘l'COMQS'

| Tlmax {n1, °3)


Greg Aloupis



1 id RawdPactition gives k vs wk-d split

DQQ"M Xk {0 otherwise

“(wa assuming ——
o T(adie, )
7 T(W\mx{ﬂ., ""?'3)
T(2) L OCe) + e ok + N Tlmaefz 2D

LT(W"‘X {" ~° g)


Greg Aloupis


Greg Aloupis
k = 0

Greg Aloupis
k = n-1


V) otherwise

1 id RawdPactition gives k vs wk-d split
DQQ‘W\L Xk{

“(wa assuming ——
o T(adie, )
7 T(W\mx{ﬂ., ""?'3)
T(2) L OCe) + e ok + N Tlmaefz 2D

LT(W"‘X {" -1 '&

( ~

O(n) + ';Z:Xk ’ T(MAX{K, n"‘”'})




E[T(n)] £ E[@(n) + %Xk . T(max{K, n-k-l})J




E[T(ni‘ £ E[@(n) + %Xk . T(max{K, n-k-l})J

= E[oG)] + Z El% Tlmaefk, m-B)] by



= E[@(n)] + Z El - T(max{k, n-k-u})] L.‘j {

\'v\eaf'\-‘n oﬁ

Q.XPQ. c‘(’a-'[".low



= Efoe)] + & E[xi: Tlmae{k, n-e-)]
= O(n) + S EDG]- E[T(mmefK, n-t-])]

Lj me,af "3 oﬁ

Q_XPQ c'(' '('\OV\.

?
o\)Ln .



= E[@(n)] + :Z:o E[Xk . T(MAX{K, n-k-l})] Lj E\.V\eaf.\'\'j oﬁ

= 6(w) + ZE0GT- E[T(mac{,mbl)] L,

Q.xPo_ c"’a.'(".\on.

iv\ele.?e,mcle.n.ce,



- E[oe] + 3 Dk Tlomelk, ko)) “"“eg_jig;&m

= () + ZEOD E[T(muek,mteD)] by indegendence
< e(\f\) + ‘20'7‘: ] E[T(MAX{K, n-k-l})] L\\j fav\olow\ cLO.‘cQ.



- E[oe] + 3 Dk Tlomelk, ko)) “"“eg_;‘i;;&“

= () + ZEOWT E[T(muek,mteD)] by indeendence
< e(\f\) + ‘20'7‘: ] E[T(MAX{K, n-k-l})] L\j famlow\ c\ﬂo;ce.



E[TE)< o) « 22 E[T6]
Rk



Guess E[T(n)] Lecn

(Aassuww., '('we. -eor k<n



Guess E[T(n)] Lecn

(Aa\ssoww., '('we. -eor k<V1



n-i

E[T(v\)]$ O(n) + %z“ E[T(k)] Guess E [T(v\)] <emn

K=, (Aassomz, deve Hoc k<w
£ B(v) +Tn?-— “Z-‘ ck = OG) +2'V7‘ék

=2 x,



n-i

E[T(v\)]$ O(n) + %z“ E[T(k)] Guess E [T(n)] <emn

! (Aassoww. deve foe ke




Guess E[T(n)] Lecn

2
~
VAR




E[T(v\)] L O(n) + %g E[T(k)] Guess E [T(n)] <emn

K=§_:\ (AO\SSU\MQ, deve for k<m
< B0 + 25 ck = o@+EZE
n t‘,_ K:L%J
:“i e { fﬂ%
<9(V\) "'— —"V\l = Q(n)*r&" = Cn-—,n +c|M_ % "
2 7 ¥




Guess E[T(v\)] £ecn

(Aqsgqu, '('('UQ. 'eor k(V\

E[ TG < oy + 2 zm ELTG]

< Of) + 15 ck e(v\)+EZk

l.".l
L=

Ly — ) !’J_’_rr
k:"%" ¢ J_‘_r-';n n
Y/
2¢c 3 .+ _ 9(\,‘)+.3_c'_" = v\-—(-c.v\ +cJ»VL. 2
S@(V\) +_"‘_._8—h = a

= en- (__J)W

Posi 'l-wc. lp c >4'G(



E[T(V\)]$ e(w) + %“Z-'“ E[T(k)] 5uess c E]‘(n)] fc.n
2 AasSsuwme tfve -toc l(<V\

K22
< B += S ck = 2 5

+ = O()+=2k

=3 oy
;Z- \< < _‘3__"\2- { Irrﬂﬂfr,-r":r

o g

2¢ 3 2 : \
SQ(V\)‘F—;‘-._S-“ = 9("')""3?(:'“ = CV\"-j;—_cV\. + dwn %N "

E[—\_(v\)] < 4dn






