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CLOSED-FORM COMPUTATION OF
ELECTROMAGNETIC FIELDS
IN INDUCTION MOTORS

Francisco de Leén* and Sujit Purushothaman**

Abstract

A closed-form solution of the electromagnetic field equations for a
three-phase squirrel-cage induction motor is presented. The analysis
starts from the application of the Galilean transformation to Maxwell
equations for moving media at constant speed. The induction motor
is modelled as five concentric cylindrical layers representing the
different construction components of the motor. By solving the
Helmholtz and Laplace equations for conducting and non-conducting
layers, we obtain a coupled set of Bessel and Euler equations that
are solved analytically. The obtained formulas allow for the efficient
calculation of important information for the designer regarding
the electromagnetic fields, losses, force and torque. Parametric
analyses are shown for illustration of the benefits of the closed
form solution. The analytical expressions are validated against
finite element simulations. Analytical expressions to compute the
parameters of the equivalent circuit from the dimensions of the

motor are also provided.
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1. Introduction

The principles of the induction motor have been studied
from the beginning of electromagnetics. Maxwell [1] and
Hague [2], before the computer age, solved many problems
analytically. However, it was not possible (at that time) to
give numerical results from the formulas obtained without
further simplifications. In the second half of the twentieth
century, there have been important advances in the ana-
lytical solutions of electromagnetic field (EMF) problems
related to induction motors. Smythe [3] compiled a large
number of analytical solutions for fields in practical geo-
metrical arrangements. Continuum electromechanics is the
focus of the work by Melcher and Woodson [4], [5]. They
also offer a clear description of the Galilean transformation
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used in this paper to deal with rotation. Stafl [6] shows
quantitative analyses of closed-form solutions of EMFs im-
portant for electrical machines. Slemon [7], [8] presents
the practical application of the duality between magnetic
and electric circuits. Perry [9] offers a modern view of
low-frequency electromagnetic problems in machines using
computers to obtain results for classical analytical formu-
lations. Tegopoulos [10] discusses the analytical methods
for determining the eddy current density and associated
loss in linear conducting media at low frequencies.

Other classical and modern electrical machines books
include: Chapman [11], Langsdorf [12], Liwschitz-Garik
and Whipple [13], Alger [14], Krause et al. [15], Gross [16]
and Levi [17] to name a few.

One of the earliest papers on power flow in induction
machines based on field computations was by Alger [18].
In [19] and [20], an equivalent network for the induction
machine based on EMF analysis is given.

Nowadays (year 2013), computation power has grown
significantly and finite element analysis (FEA) on rotating
machines is not only possible, but also commonly used to
formulate mathematical models [21], [22] and verify de-
signs. Even magneto-mechanical phenomena can be anal-
ysed using FEA [23]. 2D and 3D FEA can be performed
when the cost of the machine justifies it. However, it is still
not very convenient to include FEA in the loop of design
programs since it is computationally intensive and setting
up is time consuming. A small design modification may
require setting up an entirely new case.

This paper presents a two-dimensional closed-form
solution of the EMF problem in a three-phase induction
motor. From the obtained expressions it is possible to
draw interesting conclusions useful for the designer. One
can perform, in a few seconds, parametric analyses of the
terminal behaviour of the machine as the dimension and
material properties are varied. For example, it is possible
to compute: Joule effect losses; starting and name plate
torques; magnetic flux density in all the regions and even
the parameters of the equivalent circuit.

We acknowledge that the underlying theory (the so-
lution of multi-layer travelling wave problems) presented
in this paper is not new. Nevertheless, to the best of our
knowledge, the complete analytical solution of the EMF
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inside of an induction motor, representing the rotor as
a solid conducting and rotating medium, has not been
published before. Hague [2] and Levi [17] have published
closed-form solutions of the EMF problem in an induction
motor. However, in both cases the rotor windings are rep-
resented as current sheets. This precludes the possibility of
studying the effect of dimensions and material properties
of the rotor windings.

2. Electromagnetic Formulation

Figure 1 shows the geometrical arrangement considered
for the EMF study in the induction machine. The induc-
tion motor is modelled using the following six concentric
cylindrical regions:
1. Rotor iron core (ferromagnetic laminations) r = [0, a]
2. Squirrel cage (combination of conducting material and
ferromagnetic laminations) r = [a, b]
. Air gap r=b, ¢|
. Stator iron core (ferromagnetic laminations) r = [c, d]
. Exterior (air) r =|[d, c0)
. Impressed current sheet r=c

S O W

=
&

Figure 1. Regions for the EMF study in the induction
motor.

Additional assumptions are as follows: linearity is
considered, eddy currents in laminations are neglected,
the axial length is considered infinity, the squirrel cage is
substituted by a uniform conducting layer, and the stator
windings are considered as an impressed current sheet of
negligible thickness.

The analytical EMF study is performed considering
that the motor is rotating at a constant angular speed w,,.
The motor is excited by a three-phase balanced positive
sequence and perfectly sinusoidal voltage source of electric
frequency w.. However because of the generality of the
equations, any operating condition can be analysed.

The study starts from the Maxwell equations for the
quasi-static conditions:

VxH=1] (1)
_ o
VxE_—gB (2)

Using the fact that V - B =0, we define A (the magnetic
vector potential) as:

B=VxA (3)

The electromagnetic properties of the material are
given by the following relations:

=oF (4a)
= pH (4b)

Wl
|

Since the angular speed of the motor is considerably
smaller than the speed of light we can obtain Maxwell
equations for moving media using the Galilean transforma-
tion [3]-[5], [9], [10]. The resulting transformed Maxwell
equations are:

VR H = T 5)
Vx(F-QxB) = —%F (6)

Thus the relationships between the electromagnetic
variables of the two systems, one standing and the other ro-

tating (primed variables) at constant angular speed (vector
Q) are:

E=FE+QxDB

B =B

T =17 (7)
A=A

H =H

For the regions where the conductivity may be consid-
ered zero (neglecting the eddy currents): rotor core, air
gap, stator core and exterior, we need to solve Laplace’s
equation:

VA, =0 (8)

For the squirrel cage (high conductivity material) we
have:

— AL

(V4 )T + P52 =0 (9

v in (9) includes the effect of the known time variation
e7“? which is implicit in the all terms. The second term
is due to the rotational speed. In cylindrical coordinates
and considering the two remaining independent variables
involved (r and ¢) (8) and (9) are reduced to:

0%A, 10A, 1 0%A,
- — = 1
or? + r Or 12 0p? 0 (10)
0%AL,, 104, 1 0%°A,, " 0A,,
- il oW,
or? r or r2 Qp? H202 Op
— jp202we Ay, =0 (11)

We solve (10) and (11) using separation of variables.
Consequently, the solutions are the product of two func-
tions of only one variable A(r, ¢) = R(r)®(y). Because of
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symmetry we know a priori that the variation as a func-
tion of ¢ should be e™7%%, where k is the number of pole
pairs in the motor. The functions R(r) can be obtained by
the solution of Euler and Bessel equations respectively for
(10) and (11):

d’R(r) 1dR(r) k2 B
dr? rodr 77“72R(T) =0 (12)
&R dR
r? d:2(7") +r ;r(’") — Ro(r)(k* + a?r?) = 0 (13)

The parameter « is a measurement of how much the
EMF penetrates into the squirrel cage and is given by:

o = \/jusos(we — kwp,) (14)
« is closely related to the magnetic Reynolds number
R,,, a quantity commonly used by motor designers to ob-
serve the effect of the speed in the penetration and distor-
tion of the EMFs defined as R,, = puo(we — kwp, ) (b— a)?.
Then, for the five regions of Fig. 1 we obtain the
following set of solutions for the magnetic vector potential:

—Rotor iron core

Ay, = CrorF sin(kep)edvet (15)
—Squirrel cage
As, = [Coy I (ar) + CaoYy(ar)] sin(ky)el@et (16)
—Air gap
As. = [Cs1r™F + Caor*] sin(kep)e? <! (17)
—Stator iron core
Ay, = [C4lr_k + C42rk] Sin(kgo)ejw‘ft (18)
—FEzxterior
As, = Csyr Fsin(ky)elwet (19)

where J and Y} are Bessel functions of the first kind and
k order. Constants C;; in (15) to (19) are evaluated from
the boundary conditions. We have already omitted C1;
and Csy from (15) and (19) because for r=0 and r =00
the field should vanish. For the remaining constants we
use the following boundary conditions:

10 1 0

= Azi - T Azi a
+ jozs 8r( ) + Mi+1 or

A, (Azit1) = K (20)

where K is the current sheet. In our case, K varies
only with ¢ and runs in the axial direction. K(p) repre-
sents an ideal balanced three-phase winding when given by

[5], [7]:

oo

Nas : i
K(p) = Z(Z Z {15 sin[khled“eht}
h=1

(21)
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where Ny, is the equivalent number of radial conductors of
the stator winding. This current sheet is used as a repre-
sentation of the travelling wave (rotating magnetic field).
The spatial component can be expressed using Fourier se-
ries in order to consider deviations of the wave from the
pure sinusoidal. For this study only the fundamental term
(h=1) is used. Higher values of h may be used to study
higher harmonic fields.

Combining the two expressions in (20) with (14) to
(18) we write a set of eight linear algebraic equations,
where the unknowns are the constants C;;. We have
found the analytical solution in order to optimize the
computer program. The resulting expressions are given in
Appendix A.

As an alternate method, the eight equations can be
solved numerically by writing them in the matrix form
Az=b (x=A"1'b). Applying the boundary conditions
given in (20) to (14) to (18) yields (in matrix form):

Mc=b (22)
where,

c=[C1a Coi Cy C31 Csp Cy Ci Csi]" (23)
b=1[0 0 0 0 K(p) 0 0 07 (24)

mi1 Mi2 Mis 0 0 0 0 0

mo1 Moz M3 0 0 0 0 0

0 m32 m33 m3qs m3s O 0 0

M= 0 mao ma3z mys mys 0 0 0

0 0 0 msse mss mse msy 0

0 0 0 mg mes mes mer 0

0 0 0 0 0 Mmre  My7  MM78

0 0 0 0 0 mge Mgy  1MNgs
(25)

The coefficients of M are given in Appendix B. M
is a band matrix. Therefore, the solution of (22) can
be obtained very efficiently by Gauss reduction. The
numerical solution is easy to compute and integrate in a
design program.

Once the Cj;’s are known the vector potential A is
known in all regions. Therefore, analytical expressions for
the magnetic flux density B can be obtained using (3).
This process yields:

B = Cyokr*1 cos(kp)elvete, — CiokrF=1 sin(k;gp)ej“’etéy,
(26)

By = kr'[Co1Ji(ar) + CorYy(ar)] cos(kp)el“<té,
+0.5asin(k)[—Ca1 (Jp—1(ar) + Jri1(ar))

+ Coo(Yiq1(ar) — Yk_l(ozr))]ej“’ﬁté¢ (27)
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By = kr " Y(Cs1 + Cs21?F) cos(kyp)ed¥<te,

+ kr~* N (Csp — Csor®) sin(kp)e/“'e, (28)
By = kr™ "N (Cy1 + Cuar®) cos(kp)e?<' e,
+ kr_k_l(czu - 0427%) Sin(k/’@)ej%téw (29)
Bs = Cs1kr—* " cos(kyp)el“<te,
+ Csykr= L sin(kep)el e, (30)

_ Using (4b) we can compute the magnetic field strength
H, and the current density J is calculated from (5) as:

2
a [Ca1 i (ar) 4 Coo Yy ()] sin(kep)ed et

2

Jaz (31)

Note that J has only in the z component and only
exists in region 2, which is the conductive layer representing
the squirrel cage. The consumed apparent power of the
motor is calculated from the Poynting vector as:

The real part of (32) can be used to compute the losses
and torque, while the imaginary part gives the leakage and
magnetizing inductances.

The force density is given by the following expression:

1_

F=<- B*
2J><

(33)

This force can be divided into the following two directional
components as:
F=Fé + Fpe, (34)

Developing the ¢ component of (34) as F, = J, B, and
substituting (27) and (31), we get:

k .
F,= 2u7|oé[cgle(m) + CoaYi(ar)]|* sin(2kyp)  (35)
The torque T' can obtained from:
7= / rE,dV (36)
%
which can be written as:
i b w/4 1
Tt / / / |a[Cor Ju(ar) + CaaYio(ar)]|?
27“:(1 ©=02=0
x sin(2kp)r drde dz (37)

The integrals in (37) can be evaluated numerically or
analytically using expressions from [24]; the former was
done in this paper.
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Figure 2. FEM mesh for the five regions.
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Figure 3. Comparison of the analytical solution and FEM
results for current density in the squirrel cage at standstill
and rated speed (two poles).

3. Accuracy Comparison against Finite Elements

To validate the obtained closed-form solution, the same
motor geometry was simulated using a commercial finite
element method (FEM) program; Fig. 2 presents the uti-
lized mesh. Although with FEM one can solve a more
realistic geometrical configuration [25], FEM is used here
for comparison purposes; therefore, we use the same ar-
rangement as Fig. 1. Layer 3, representing the air gap, is
not visible in the figure when drawn to scale.

Figure 3 plots the variation of current density (J)
computed with FEM and the model presented in this paper
(31) for standstill (high slip) and rated speed (low slip).
Both solutions are in good agreement; therefore, validating
the presented method. Since the frequency of induced
currents in the rotor is slip times the power frequency, large
eddy currents at power frequency are induced at standstill
in the squirrel cage. At power frequency, most of the
current is concentrated at the surface due to small field
penetration depth caused by skin effect. At rated speed
(low slip), when the penetration depth is large, the induced
currents are almost uniformly distributed.

Figure 4a and 4b shows the radial and ¢ components
of magnetic flux density at low and high slip (rated and
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Figure 4. (a) Comparison of the analytical solution and
FEM results for the ¢ component of the magnetic flux
density at standstill and rated speed (two poles). Plotted
at ¢ =90. (b) Comparison of the analytical solution and
FEM results for radial component of magnetic flux density
at standstill and rated speed (two poles). Plotted at ¢ =0.

standstill speed). Results from the proposed model are
compared against FEM. At high slip (standstill), leakage
flux (armature reaction) is significant, while at low slip
(rated speed) magnetizing flux dominates. Hence the
magnitude of the flux density at rated speed is substantially
larger than at standstill.

Figures 5 and 6 present the streamline plots for the
magnetic flux density at standstill and rated speed, respec-
tively. These plots corroborate the results from Figs. 3 and
4. At low slip, the large field penetration depth leads to
more flux lines penetrating the squirrel cage into the iron
core. Alternately, at high slip, the small penetration depth
results in less flux lines penetrating into the core and more
flux lines concentrated in the air gap.

4. Parametric Analyses

A series of parametric analyses are performed in this section
to illustrate the benefits of our solution. With the analyti-
cal equations we can produce, in seconds, curves revealing
the tendencies of terminal parameters as we vary physical
dimensions, material properties or operating conditions.
In Fig. 7 we present the power density (Poynting
vector) for standing still and rated speed conditions. We
can see that the power density reaches about thrice as large
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Figure 5. Streamline plot for magnetic flux (leakage) den-
sity for standing conditions.

Figure 6. Streamline plot for magnetic flux (magnetizing)
density for rated speed.

for standing conditions as for name plate speed. The power
density distribution gives important information to the
designer on where and when the force, torque and losses are
generated. We observed that for w,, =0, the power density
follows a non-uniform distribution with an increasing slope
(w.r.t. r), meanwhile for w,, =rated the slope decreases
with r, but the power, torque and losses are still being
produced mainly close to the rotor surface. Equation (37)
can be evaluated at various speeds to obtain torque-speed
characteristics. Figure 8a shows the T-w characteristic
for the induction machine modelled in the paper and also
depicts the effect of increasing rotor resistance on the
torque-speed characteristics. It is observed that while the
maximum torque (breakdown torque) remains the same,
the slip at which maximum torque occurs (critical slip) is
higher with increasing resistance.
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Figure 7. Power density (Poynting vector) at standstill
and rated speed (two poles).
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Figure 8. (a) Effect of increasing resistivity of squirrel cage
(rotor resistance Ry ) on torque speed characteristics for the
modelled machine. (b) Effect of increasing air gap (rotor
leakage reactance X5) on torque speed characteristics for
the modelled machine.

Figure 8b shows the variation in the torque-speed
curves when varying the air gap length computed with
(37). Increasing the air gap length increases the reluc-
tance and consequently increasing the leakage reactance.
The breakdown torque of an induction machine is inversely
proportional to the leakage reactance. Hence, Fig. 8a and
8b is in accordance with the classical theory of induction
machines. Magnetizing reactance is an important factor to
be considered while designing an induction machine. In-
creasing the air gap requires more magnetizing volt-ampere
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X (Q) Model results
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Figure 9. Variation of magnetizing reactance with increase
in air gap for increasing dimensions of rotor and stator size.

from the source, effectively reducing the magnetizing reac-
tance. Figure 9 shows this variation with air gap length
for various rotor and stator sizes.

5. Equivalent Circuit Parameters

The equivalent circuit parameters have been extensively
used by designers and analysts to study the performance
characteristics of induction machines. This section creates
a link between the analytical model presented in this paper
and the equivalent circuit for induction machines.

The leakage and magnetizing reactances are found by
performing the locked rotor and no-load test, respectively.
The leakage reactance can be evaluated from the leakage
field which is the ¢ component of the magnetic field in the
air gap at standstill. Similarly, the magnetizing reactance
can be found using the magnetic energy in all the regions
at synchronous speed. This is equivalent to performing the
tests on the machine.

For w,, = 0:

1 1
5L2I2 = / i,ugngdV
Vs
For w,, = kwe:

5
1 1
—L,I* = —piHZd
2 ;/2“ idv
1= V;

(39)

where

Lo =leakage reactance

L., = magnetizing reactance

H; =magnetic field H in ith region

I = applied excitation (current sheet K,)
with [7]:

3Nys
K, = 1 40
¥ Ac ( )
Analogous to the method followed to calculate the ro-
tor resistance from the blocked rotor test, the rotor resis-
tance Ry is found from the ¢ component of the Poynting
vector at standstill as:
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I?Ry = Re(S,) (41)

The loss (heat) producing component of rotor resis-
tance Rojoss can be found from the radial component of
Poynting vector as:

I’ Rojoss = Re(S,) (42)

where from (32):

S =Srér 4+ Syéy (43)
S, is evaluated over the surface of the squirrel cage, whereas
S, is evaluated over the radial cross section of the squirrel
cage. It must be noted that the radial component is
dissipated in the rotor while the ¢ component is responsible
for producing the torque in the squirrel cage.

o—
1 X, =17.65Q

R, 373
v X, = 16.85Q s s
1‘?

Figure 10. Traditional equivalent electrical circuit for mod-
elled motor.

The induction machine equivalent circuit with param-
eters calculated as above is given in Fig. 10. It must
be noted that the stator resistance is not included. Fig-
ure 11 shows the torque-speed characteristics as obtained
from the model, FEM, equivalent circuit obtained from the
model (no stator) and the complete equivalent circuit. It
is observed that results from the model of this paper and
FEM are a perfect match, while the equivalent circuit gives
small differences. The eddy current and hysteresis losses
in the core can be analysed by the model presented in [26].

Torque (Nm)
351
3.0 -
25
20|
R Model results
10L Model
® o o FEM
osfF Tt Equivalent circuit without stator
' = == = Complete equivalent circuit
rad
L | | | " & —
10 20 30 40 50 60 S

Figure 11. Comparison of torque-speed characteristics ob-
tained from model, FEM and equivalent circuit without
stator and complete equivalent circuit.
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6. Conclusions

A closed-form solution for the EMFs inside of a three-
phase squirrel-cage induction motor has been presented.
The analysis is based on the Galilean transformation of
Maxwell equations for moving media at constant speed.

The obtained analytical expressions have been com-
pared against finite elements yielding virtually the same
results for a cylindrical geometry.

A large amount of information can be obtained from
the model of this paper in addition to the distribution of
the EMFs inside the machine. For example: the starting
and rated speed torques; losses; the effect of changing the
number of poles, increasing air gap, changing the materials
used in the machine and changing the dimensions of each
region to name a few.

The paper has established a link between the equiva-
lent electrical circuit parameters and the physical
dimensions and material properties of the machine. The
information obtained from a study of this nature is di-
rectly applicable to the designer. The formulas are a much
faster alternative to the FEM for computing the EMF in
induction motors.

7. Future Work

We intend to include, in a sequel paper, the stator mod-
elled as a uniform region with adequate conductivity and
permeability by the method of Freeman [27]. This should
help in obtaining the performance parameters of the stator
as well. Currently, we are investigating the effects of teeth
and slots in both stator and rotor to establish the validity
range of Carter’s coefficient [28].

The formulas of this paper can be utilized for the design
of induction machines. We plan to use them to design the
induction machine damping unit (IMDU) used in [29] to
damp sub-synchronous resonance. The obtained solution
can also be applied to model doubly-fed induction machines
currently very popular for wind-turbine applications.

Appendix A
Constants for (14) to (18)

al_kaN1M2RsraGcl

012 - ch
021 _ H2Gc1 (aa,uflyra - 2kH2Y€a)
Fos+ Fos (1 — p3)
C o NZGcl(_aaﬂdJra + 2kM2Jsa)
22 = Ot
¢ 44
Cur — b G Tj (44)
T 4k(Fa + Fos(pn — pi3))
Coy — C_kNdsViFsleMP,Tﬂ
2 4chk
o = d* G (p1 + p3)
41 = 7
4chk
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Gea(pr — p3)
4Qc1k
d2ch2/~03

2Qak

C(42 =

Cs1 =

where:

Gcl
Gc?

= b M Faapips NasVi
= *(Tj1 + Tjo) a1 paNas Vi

Qe1 = (1 — p3) Py + d?* (1 + p13) Proo

Fa = (i1 — pa)® — d*(un + ps)®
Fyg3 = ¢ (u1 — p3) — d**(u1 + pa)

Fyy = (2T skpua(pn + p13)
+ aaﬂl(*FslSm2 =+ bzksml(:“% - U%))
Fys = 2¢* S skpua (1 — piz) — d*Tjr (ua + p3)

P = Tj1 (3 — pa) + Tya(ps + pr)

Pri = Tjo(ps — pa) + Tjr (s + p1)

le = ka(OéCLSmLul — 25m4k,u2)
Tjo = c**(aaSmapin — 2Smaki2)
Tjs = —b*%Spma(pn — p3) — d** Sms(p + p3)

Sma = 2Rsskpo + abRgp i3
Sm3 = 2Rsskpto — abRgp i3
Sma = 2R, skpo + abRppi3
Sm1 = 2R, skuz — abRy. 3

Ryra = JsaYra — JraYsa
Res = JapYra — JraYsp
Rss = JapYsa — JsaYsb
Rsr = JsaYrb — JrbYsa
Ry = JrYra — JraYep

Vi = [ia +ip +ic] + [ia + 006" 5 +ice? )

Jsb = Jk(ab)

Jsa = Jix(aa)

Yia = Yi(aa)

Y = Yi(abd)

Jra = Jp—1(aa) — Jyy1(aa)

Ty = Jho1(ab) — Jusr (ab)

Yia = Yi-1(aa) — Yiy1(aa)
(

Yy
Yrb = Yk,1 Oéb) — Yk+1(04b)

(45)

(46)

(48)

(49)

(52)
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Appendix B

Elements of Matrix M (25)

—k k—1 - Oéjrb o OéYTb
mi1 = —a yM12 = ——,M13 =
1 2p2 22
kJ kY.
mor = ka" "t may = 2% gy = —
a a
- oy . _aYp
2[&2 ’ 2[/,2
k k
Mmgg = —;b_k_l,mss = —pr!
3 3
kJsp kY
myg = —S,m43 = s (54)
b b
myg = —kb k lam45 = —kb"!
k k
msy = —c P mgs = ——cM!
H3 w3
k k
mse = ——c " mgr = —cM !
%51 Ha
meqs — kc_k_l,m% = kck_l
meg = —kc k_l,mm = —kck_l
k k k
mre = —d " mpr = ——d" ! mgg = ——d7F!
1 2 3
msg = kdF 7, mgr = kd* ', mgg = —kdF !
Appendix C

Specification of Motor for Analysis

Manufacturer: General Electric (Excel)
Model: 6K48GB

Rated power: 1 HP

No of poles: 4/2

Line (stator) voltage: 220/440V
Current: 3.4/1.7A

Rated speed: 1725 rpm

Dimensions:
a=0.0326 m;
b=0.0465 m;
¢=0.0468 m;
d=0.0630 m;

Properties:

w1 = g =1500p0;
M2 = 3 = 5 = Ho;
o9 =1.8x 107 S/m;
k=1,

Ngq=86.
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